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(1) (10 points) : :
z, y, z are three functions in which only two of them are independent (i.e., the third one can be
expressed as a function of the other two, e.g., z = z(y, 2)). Show that

(547, (%), (42) -

(2) (10 points)
z and y are real, and i = v/—1. Show that

sin(2z) + 4 sinh(2y)

t LY) = .
an(z +iy) cos(2z) + cosh(2y)

{3) (20 points)

(a) (15 points) Show that in three-dimensional geometry & = 1/|7 — 7| satisfies the Poisson
equation V2@ = —4né(7 — 75), where 7, is a constant, and ¢ is the Dirac delta-function.
What are the corresponding ® in two-dimensional and one-dimensional geometry?

(b) (5 points) Derive the solution () for the Poisson equation V2 = 47Gp(F).

(4) {20 points)
(2) (5 points) Solve the Fredholm integral equation y(z) =27 + fol z2ty(t) dt.
[Hint: fol ty(t) dt is a constant.] o
(b) (15 points) Solve the Volterra integral equation y(z) = z7 + Jy @?tPy(t) de.
[Hint: Change it to an ordinary differential equation.]

(5) (20 points)
Solve the following set of ordinary differential equations

z
=T+ z.

dz dy
=7 — 2= 2 , ==
-y, TH+2y+z P

- dt
The initial conditions are z =y =2z =1at ¢ = 0.

(6) (20 points)
One-dimensional Navier-Stokes equation with negligible pressure can be written as

ot " oz g2’

where the velocity u is a function of ¢ and z. Assuming constant viscosity v, let

dlog ¢

U= -2 5

then derive a partial differential equation for ¢(t,z). From the general solution of this partial
differentia’ equation, write down the solution for v t, ).



