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1. The following table lists values of a function y(¢) and its derivative y'(t) at various points ¢,.

t y(t:) y'(t:)
-0.5 |-0.02475 0.751
-0.25 | 0.3349375 | 2.189

0 1.101 4.002

| | o] -

(a) Find the Lagrange interpolating polynomial Py(t).
(b) Find the Hermite interpolating polynomial Hs(t).

2. Consider the linear system Ax = b ag follows:

10z; — 29 + 223 = 6,
—& + 11z — 13 + 3z = 25,
2Ty ~ 29+ 1013 — 4 = ~11,
3Ty — 3 +8z4 = 15.
(a) Formulate the Gauss-Seidel iterative method with an initial approximation x(©.
(b) Explain why the sequence {x®)}2 generated by the Gauss-Seidel method in part (a) will
converge to the unique solution x.

3. Let A € R™" be a given symmetric and positive definite matrix and b € R” a given vector.

(2) Show that matrix A has n real and positive eigenvalues.

(b) Suppose that x* is an approximation to the solution of Ax = b. Show that

”X - X*HZ Amax ”r”2 :
=i S5 )=, provided x # 0 and b 0,

] Tl ? ?
where r is the residual vector for X" Amax and Ay, are the largest and smallest eigenvalues of
A, respectively.

4. (a) Assume that u € C*[zy — h, 2y + h]. Use Taylor’s theorem to derive the following formulas for
approximating u'(zo) and u"(z,):
1 h

u'(zg) = E{u(%) — u(zy — h)} + Eu"(f), for some ¢ € (2o — h, Tp);

1 h?
u'(zp) = ’—ﬁ{u(zo = h) = 2u(zy) + u(zy + h)} - ;—Qu(")(n), for some 7 € (2o — b,z + h).

(b) Consider the following two-point boundary value problem:

{ —eu'(z) +u'(z) +ulz) =0, O<z<l,
uw(0) =1, u(l) =0,

where ¢ is a given positive constant. Let 0 = Tp <%y <+ <2ZTy-; < zy =1 be a uniform
partition of [0, 1] with mesh size h > 0. Applying the numerical differentiation formulas derived
in part (a) to approximate the solution of the boundary value problem, we can obtain a linear
system of the form AU = b, where U = (Uy, U, - - Uy-1)T, Up = 1, Uy = 0, and Uj; denotes
the approximation to u(z;). Find the (N — 1) x (N - 1) matrix A and (N - 1) x 1 vector b.

5. Derive the Newton method with initial point (z(®, y(© 27 for finding a root the following nonlinear

system:
f(x)y»z) = 0,
9(z,y,2) = 0,
hz,y,z) = 0.

#1H %18




