“%Ak%,ﬁ%%ﬁﬁﬁfm%ﬁ$%% £ 02 B4 1E

SN

4_\

]/‘_.
#E TREHEZ BH03) f L RheE D PAENMIELATM LM
" R FAAREMIRSLH - A Th
jiﬁ- AREBNLEAEMTE  LRBALARA TS
A {

L Let X, X,,

density function (pdf)

e’ x=20
Folx)= o
& 0 otherwise.
(a) (5%) Let r denote a constant, find the pdf of the derived random variable ¥ = X, .

i=

(b) (5%) Let N denote a geometric (1/5) random variable with probability mass function (pmf)

1 ] n-1
el , k=12 -
F(n)= 5( SJ

0 , otherwise,

What is the moment-generating function (MGF) of Z =X, + X, + -+ X7

(c) (5%) Find the pdfof Z.

{Remark} The MGF of arandom variable X is defined as

#e(s) = E{e™}

Jm e” f.{x)dx X isa continucus random variable

Z e™P.(x) X isadiscrete random variable
%neQ

2. LetV be a vector space of continuous functions defined on the interval [0,271and B={4(5).4(N,...4,(5)} bea basis for V.

{(a) (6%) Istheset W={f(f)eV: Ifzf(t)d[ =0} asubspace of V? Justify your answer.

(b) (5%) Define T: V>V by Y/ ()= ag(heV, T(f()h=a_4() where a,=1.Prove that Tis a linear

i=) i=1
transformation.

(c} (4%) Find bases for both the null space of 7 and the range of 7.

(7% Let T be a linear operator on an n-dimensional vector space V with ordered basis #. We define the character:stic
polynomial f{7) of T to be the characteristic polynomial of 4=[T]z where [T denotes the matrix representation of linear
operator T in the ordered basis £ That is, 1) = det(4—¢/,), where det(.} is the determinant of the indicated matrix, and 7, is the
n-by-n identity matrix. Prove that this definition of characteristic polvnomial of a linear operator is independent of the choice of
ordered basis . That is, det([T]s-t/,)= det([T],~ #/,) for any ordered bases Sand yof V.
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(5%]) The set of all polynomials with real cocfficients is a vector space denoted by P(R). Let # be a nonnegative integer, and

tet P,(R) consist of ail polynomials in P(R} having degree less than or equal fo ». Let V= P(R) with inner product
(f(x),g(x)} = [lf(z}g{t)a’t, and consider the subspace P2{R) with the ordered basis f={x%, x, 1}. Use the Gram-Schmidt

process to replace B by an erthonormal basis {v),v5,v;} for Po(R) in the order of ¥ — x — 1.

(8%) Suppose that T is a linear operator on a finite-dimensional inner product space V over the field of real number with the
distinct eigenvalues A, Az,..., A& Assume that T is self-adjoint. For each i (127 < k), let W, be the eigenspace of T

corresponding fo the eigenvaiue A, and let T, be the orthogonal projection of V on W, Prove that T= 4, T+ 4, T+, +4, T
(10 %) Suppose that X is a Poisson random variable with P(X = 2) = P(X = 3). Find P(X = 3).
(10%) Let X ~ N(0, 1) and ~c0 < g < oo, Find £[e™].

Consider the following system of three linear equations in three unknowns:
X4 x, taxg = |
xXobax,t X, = 3,
ax, 4+ x,+ X, = 2a
where g € R.
{(a) (4%) Find condition on a such that the system has a unique selution.

{b} (8%) Find condition on a such that the system has no solutien. Find also condition on @ such that tie systern has many
solutions. |

(c) (3%) Under the condition obtained in (a), use Cramer’s rule to solve the system (no credit without using Cramer’s rule).

A silicon wafer contains n CPU processor chips. Assume that a singie CPU processer chip has failure probability p.
{d} (5%) What is the failure probability of a single silicon wafer?

{e} (5%) What is the probability of at most two failure chips in a single silicon wafer? |

{3%}) Suppose that three numbers are sefected one by one, at random and withiout replacement {rom the set of numbers |
{1,2,3,....n}. What is the probability that the third number falls between the first two if the first jumber is eraller than the
second?




