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1. (15%) Let A be an mXn matrix.
(1) (5%) Show that if B is a nonsigular mxm matrix, then BA and A have the
same null space and hence the same rank.
(2) (5%)If m = n, and let L, be the linear operator defined by L,(x) = Ax.
Show that L4 maps R™ onto the column space of A.
(3) (5%)If A is an orthogonal matrix (also m = n), use mathematical induction
to prove ||A™x|| = [[x|| for any x € R™.

2. (10%)Let

1 0 1 2 1 2 1
A=|-2 3 -1 -8 -6 -=3|,b=|2|
4 4 6 6 2 10 4

(1) (5%) Find all solutions to the system Ax = b.
(2) (5%) Find the bases for the column space of A and the null space of A.

3. (10%) Consider the data points (1,1), (4, —1), (5,3).

(1) (5%) Find the liner function y = ¢4 + c;x that gives the best least square fit
to the points.

(2) (5%) Find a quadratic polynomial of the form y = ¢ + ¢;x + ¢, x2 that
passes through all three of the data points.

4. (15%) Let A be the matrix
1 0 -2
A=10 5 0|
-2 0 4

(1) (5%) Find the eigenvalues of A.
(2) (5%) Find the eigenvectors of A.
(3) (5%) For any integer t, write a formula for At.
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5. (20%) Discrete random variable X has probability mass function

02 x=-1,
04 x=0,
B@=104 o

0  otherwise.
Let B denote the event that X >0,
(1) (10%) Find conditional probability mass function of X given the event B.
(2) (10%) Find the conditional variance of X given the event B.

6. (10%) Continuous random variables X and Y have joint probability density

function

6xy> 0<x<LO<y<l,
0 otherwise.

f X.¥ (x,y)= {
Let random variable Z=max(X,Y). Find the expected value of Z.

7. (20%) Let random variable W =X, + -+ X;00 be the sum of 100 i.id.
continuous uniform random variables, each with expected value 10 and variance 4.
Random variable U =5 + 0.1W.

(1) (10%) Find the expected value of U.
(2) (10%) Find the variance of U.




