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. : 4x, =3 : . .
— ~ Consider a linear system 1t A, - Which of the following statements 1S/are
3x;+ hx, = k

true?
(A)When /=12 and k = 9, the system is inconsistent.
(B) When =12 and k = 9, the system has many solutions.
(C)When 2 =12 and k = 9, the system is consistent.
(D)When 2= 12 and k = 9, the system has at least one solution.

(E) When 2 # 12, the system has a unique solution.

= ~ Denote det 4 as the determinant of the matrix 4, and denote 47" as the inverse of the

matrix 4. Let 4, B, and P be square matrices. Which of the following statements

is/are true?

(A)1t is always true that det 4B = det BA.
(B) If the columns of A are linearly dependent, then det 4 = 0.
(C) It is always true that det (A + B)=det 4 + det B.

1
det4’

(D)If 4 is invertible, then det 4°' =

(3004) # (0 7 %

< B
(E) Suppose that 2 is invertible. Then det (P4P™") = det 4. ey jF? [ﬁ? ﬁ ﬁkﬁ%
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Z~Letd = [ 3 5 } and define a transformation 7': R? - R3 by T(x) = 4x. Which
-1 7

of the following statements is/are true?

3

(A) The image of x = [_1(')55J under 7'is [ZJ
' 5

3
(B) There is exactly one x whose image under 7'is [ 2 J
-5

(C) The vector b is in the range of 7'if b is the image of some x in R2.
(D) The vector b is in the range of T if the system 4x = b is inconsistent.

3
(E) The vector [ZJ is not in the range of 7.
5

7 ~ The set P, of polynomials of degree at most #, n > 0, consists of all polynomials of
the form p(f) = ag + ayt + @, + ... + a.". Let py(f) =2 + 27, p2() = -t + 37, and
p3() =1+ ¢- 32 Which of the following statements is/are true?

(A)pi1(®) is in P5.

(B) To see whether the polynomials p;(?), p2(¢), and p3(?) fqrm a basis for IP,, we
can place the coordinate vectors of the polynomials into the columns of a
matrix and reduce the matrix to echelon form. If the resulting matrix is not
invertible, then the polynomials Pi(?), p2(?), and p3(?) form a basis for P,.

(C) Polynomials p(z), p2(?), and p3(?) form a basis for P,.

(D) Consider the basis B = {P1, p2, p3} for P,. Let the vector [q]g be the B-

2

coordinate vector of q. Given that [q]g = [—— 1}, q in P; is 2p; - py + ps.
1

(E) Following (D), q(t) =2 - t + A,
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2~ Suppose that a 6x3 matrix 4 has rank 3. Denote dim H as the dimension of a
nonzero subspace H, Nul 4 as the nul] space of the matrix 4, Row 4 as the column
space of the matrix 4, rank 4 as the rank of the matrix 4, and A7 as the transpose of
the matrix 4. Which of the following statements is/are true?

(A)dim Row 4 =rank 4.
(B)dim Row 4 =rank 47
(C)dim Nul 4 =3,
(D)dim Row 4 = 6.

(E) rank 47 =3,

7 1 4
N~ Lety= _11 , V= i ,and vy = é . Let the subspace W be spanned by v; and v,.
-1 -2 3

Which of the following statements is/are true?

(A)v) and v; are orthogonal.

(B) The closest point to Y in the subspace W spanned by vy and v; is

== W

(C) The closest point in W to y is the projection of yon W.
(D) The distance from the pointy in R* to ¥ is defined as the distance from y to
the closest point in W,

(E) The distance from Y to the subspace of R* spanned by vy and v, is 16.

éﬁ@ﬁ&@
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+ ~ Let 4™ be the inverse of the matrix 4, 4" be the transpose of the matrix 4, and / be

the identity matrix. Which of the following statements about invertible matrices
1s/are true?

(A)If 4 is both diagonalizable and invertible, then so is 47

(B) Suppose that 4 = QR, where R is an invertible matrix. Then 4 and O have the
same column space.

(C) Suppose that 4 and B are square matrices, B is invertible, and 4B is invertible
Then 4 is invertible.

(D) Suppose that A = PDQT, where P and Q are nXn matrices with the property

that P'P = J and QTQ = I, and D is a diagonal matrix with positive o,..., o,

on the diagonal. Then A4 is invertible.
_ 411 Ap] g1 011411 0111 Y
@Lea=[pn L=< [0 A Q1 Y] e g a s a x

and Y are matrices, and S = Ayy — Ap1 AT AL, is called the Schur complement

of A14. Suppose that 4 is invertible and Ay, is invertible, then S is invertible.

~
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AN~ Letd= [ -6 2 —2] Giving an orthogonal matrix P and a diagonal matrix D,
4 -2 -3

we can orthogonally diagonalize 4 in the way A = PDP"' where P"' is the mnverse of

P. Which of the following statements is/are true?

(A) The smallest eigenvalue of 4 is -3

2
(B) For the smallest eigenvalue of 4, a basis for the eigenspace is [—2]. For the

1
—~2
largest eigenvalue of 4, a basis for the eigenspace is | —1/. For the third

2

1
eigenvalue of 4, a basis for the eigenspace is [Z}
2

1/3 -2/3 2/3
(C) P can be constructed as P = 12/3 -1/3 —2/3].

2/3 2/3  1/3

a 0 0
(D) D can be constructed as D = [ 0 b 0] where a, b, and ¢ are the eigenvalues
0 0 ¢
of 4.
1/3 2/3 2/3
(E)P'=pT= [—2/3 -1/3 2/3} where P’ is the transpose of P.

2/3  -2/3 1/3
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i ~ Let the matrix 4 = [ 6 —4}. Let A be the eigenvalue of 4, and A" be the transpose
6 -4

of 4. Which of the following statements is/are true?
(A) The characteristic polynomial of 474 is A2 - 1172

(B) The singular values of 4 are 117 and 0.

(C) Any factorization 4 = ULV, with U and V orthogonal, X = [g 8], and

positive diagonal entries in D, is called a singular value decomposition (SVD)
of A.

(D)Following (C), the matrices U and ¥ are uniquely determined by A4, and the
diagonal entries of T are the singular values of 4.

~1/3 2/3  2/371[3Vi3 0
(E)AnS\H)ofAis[Z/B ~1/3 2/3][ 0 0}[3/VT§ Z/Vig}
273 23 -173ll o ollm2/V13 3/V13

+ ~ Which of the following statements about the properties of matrices is/are true?

(A) An mXxn matrix with more rows than columns has full rank if and only if its
columns are linearly dependent.

(B) Suppose that 4 is an mXn matrix such that for all b in R™ the equation Ax = b
has at most one solution. Then the columns of 4 must be linearly dependent. |

(C) A is an eigenvalue of the matrix 4 if and only if A is an eigenvalue of 47/, the
inverse of A.

(D)If the matrices 4 and B are both orthogonally diagonalizable and AB = BA,
then 4B is also orthogonally diagonalizable.

(E) The trace of a square matrix 4, denoted by tr 4, is the product of the diagonal

entries in 4. tr (FG) = tr (GF) for any two nXn matrices F and G.
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+—. Let X be a continuous random variable that is uniformly distributed over (0,1) and
Y = —In(X). Which of the following statements is/are true?

(A) P(X > 0.25) = 0.75.

(B) E[X?] =

- (©) 13(25)(-’- 20X +3 > 0) > 0.55.

(D) E[Y] = 2.

(E) E[Y?] =2.

4. Let X be a Gaussian random variable such that E[X] = 1 and E(X —1)?] =4. Let Y bea
Gaussian random variable such that E[Y] = 0 and E[Y?] = 1. In addition, X and Y are statistically

independent. Let Z be a random variable such that Z = 2X + 3Y. Which of the following statements

is/are true?

A) E[Z] = 2.
B) E[Z2?] = 25.
C)E[YZ] =4..

(A)
(

(€)
(D) Y2 is an exponential random variable.
() P(Z>2) =}
+=. Let X be a continuous random variable with probability density function fx. In addition,
fx(z) = 2\/_, Vz € (0,1]. Furthermore, P(X > 1) = P(X < 0) = 0. Moreover, fx(t) < oo,

Vt € (—00,00). Which of the following statements is/are true?
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+0. Let p € (0,1) be a positive real number. Let X be a geometric random variable with PMFE
px(k)=(1—-p)* 1. p, Vk € {1,2,3, ...}. Which of the following statements is/are truc?

(A) When p = 0.6, P(X >1)=04.

(B) ies(l—p)t-p=1-2p+p2

(C) When p = 0.8, E[X] = 5.

(D) When p = 0.5, E(X|X > 1] = 3.

(E) When p = 0.5, P(X > 4|X > 1) = .

_ T3 Consider the famous hat problem. Suppose that n people throw their hats in a box and
then each picks one hat at random. (Each hat can be picked by only one person, and each assignment
of hats to persons is equally likely.) Let X be a random variable that represents the number of people
that get back their own hat. Which of the following statements is /are true?

(A) When n=3, P(X =3) = '3

(B) When n =3, P(X =1) = 1.

(C) When n =4, P(X = 3) =0.

(D) When n = 4, E[X] = 2.

(E) When n =5, E[X] = 1.

+75. Consider the famous hat problem as in the previous problem. Let X; be a random variable
that takes value 1 if the ith person selects his/her own hat, and takes value 0 otherwise. Let
cov(Y,Z) = E[Y - Z] — E[Y] - E[Z] be the covariance of two random variables Y and Z. Which
of the following statements is/are true?

(A) When n = 4, cov(Xy, X,) is %.

- (B) When n =4, cov(X1, X,) = -
(C) When n = 4, var(3h_, X;) = 2.
(D) When n = 4, X; and X, are statistically independent.

(E) For any two random variables Y and Z, cov(Y, Z) > 0.
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~+-t. Consider a continuous random variable X . Let My (s) = E[e*X], Vs € (—oc, 00). Which of

the following statements is/are truc?

interval [0, 1]. Define Z = &

(A)If X is an exponential random variable with mean 2, Mx(s) = 55>, Vs < 0.5.

(B) B[X] = 9442,

)
(©€) B[x?] = -L£xla)y
) 2

(D) If X is a standard normal random variable, Mx(s) = ¢*".

(E) If X is a normal random variable such that E[X] = 0 and E[X?] = 4, Mx(s) = ¢*°.

+/J\. Let X and Y be independent random variables that are uniformly distributed on the
f,(. Let fz be the probability density function of Z and Fz be the cumulative

distribution function of Z. Which of the following statements is/are true?

(A) Fz(3) =%
(B) Fz(2) = 3
(€) f2(3) = 3-
(D) f2(2) = 5

(E) P(Z > 2) = P(Z <0.5).
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+J1. A defective coin minting machine prodﬁccs coins whose probability of heads is a random
variable X with CDF Fx(z) = z?, Vz € [0, 1]. A coin produced by this machinc is selected and tossed
twice, with successive tosses assumed independent. Let  be the sample space. Let ¥) be a random
variable that represents the number of heads in the first toss of the selected coin. Let Y5 be a random
variable that represents the number of heads in the first two tosses of the selected coin. Let A be the
event that the first coin toss results in head. Namely, A = {¥) = 1} = {w € Q}Y1(w) = 1}. Let fxa

be the conditional PDF of X given event A. Which of the following statements is/are true?

(A) P(Y1=1) = 3.
(B) P(Y: =0) = 3.
(C) fxia(3) = -
(D) fxia(3) = 3-

(E) P(Y> =0) = ¢.

. Which of the following statements is/are true?

(A) If X is an exponential random variable with mean 1, then P(X > a) < 1 Va>0.

(B) If X is a standard normal random variable, then P(X*+2X +1>a) < 3 Va>0.

(C) If X is a normal random variable such that E[X] = 1 and E[X?] = 4, then P(|X~1{ > 2) < g

(D) If Y}, Ya,... are independent and identically distributed random variables with mean 5, then
limpsoo P(5 — 5 gy Yl 2 0.01) = 0.

(E) If X;, Xa,... are independent Poisson random variables with variance 4andY, = 4 x (4—

%2::1 Xk)7 then limn—)oo P(Yn S 1) S 0.5.




