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[5%] Find the general solution for y"" + 5y’ + 4y = 10e~3%

[5%] Find the eigenvalues and eigenfunctions of the Sturm-Liouville problem
y'+2dy=0, y(0)=0, y()=0

[5%] Use Laplace Transform method to solve the ODE
y'+y=68t-n), y(0)=0, y'(0)=0

[5%] Find the inverse Laplace transform for £71 (m)

[5%] Find the Fourier transform for f(t) = e™2ltl 2 > ¢

. Let P3(R) denote the set of all functions f(x) = ag + a;x + a,x% + azx® where coefficients

Ao, a4, Az, az € R. Define linear transformation T:P;(R) — P3(R) as follows: T(f (x)) =

df /dx.

(a) [3%] Let B ={1,x,x%x3} be an ordered basis of P;(R). Write down the matrix
representation A = [T].

(b) [2%] Is A invertible?

(c) [5%]1s A diagonalizable?

(d) [10%] Now consider f(x),g(x) € P;(R) as functions defined on the close interval [-2,2].

Define inner product in the standard way: (f,g) = f_zz f(x)g(x)dx. Find a function u(x) €

P;(R) suchthat (u, f) = 0 for any given second-order polynomial f(x) =ay+ ayx + a,x2.
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Let 4 =
t [ cos 6
(a) [5%)] Find the characteristic polynomial of A and express its two roots in terms of 6.

(b) [5%] What are all possible 6 € [—m, 7] such that 42919 = J?
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8. [10%] Let uy = (1,1,0)",u, = (0,1,1)7, and u3 = (0,0,1)7. Find a,f € R such that
] = llus — auy — fu,||* is minimized. Here, ||-|| denotes the standard [2-norm.

9. [10%] Let uy,up, ..., up be column vectors in RV, Let A be a matrix of size M X M and its
clements are defined as A = ufu;, where1 <i,j <M . Prove that for any x =
(1, %2, ..., xp)T € RM, we have xTAx > 0. Under what conditions does xTAx = 0 imply x =
0°?

10.[10%] Evaluate the integral f01+i(x -y +ix?)dz

(a) along the straight line from z =0 to z =1+ i.
(b) along the real axis from z=0 to z =1 and then along a line parallel to imaginary axis from

z=1to z=1+1.

11. [10%] Evaluate | = gﬁc ;#;(z_@, where C is the rectangle joining the points (-1,-1), (3,-1),

(3,1) and (-1,1) in clockwise sense in the complex plane.

12. [5%] Evaluate by residue method the integral ﬁc z7*sin(z)dz ; C: |z| = 1 taken in counter-

clockwise sense in the complex plane.




