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Notation: In the following questions, underlined letters such as g, b, etc. denote column vectors
of proper length; boldface letters such as A, B, etc. denote matrices of proper size; AT means
the transpose of matrix A. T is the (n x n) identity matrix. ||| means the Euclidean norm
of vector g. R is the usual set of all real numbers; C is the usual set of all complex numbers.
By A ¢ R™*" we mean A is an m X7 real-valued matrix. u(z) is unit-step function defined as
u(z) = 1ifz > 0and u{z) =01fz <0 * is the convolution operator; & : f(z) — I'(s) and
%~ 1 F(s) = flz) denote the unilateral Laplace and inverse Laplace transforms for z = 0,
respectively.
v LetH =1,—2uu', whereu € R*, n>2and luf =1. Which of the following statements

is/are true?

(A) The matrix H is hoth symmetric and orthogonal.

(B) Both 1 and —1 are eigenvalues of H.

(C) det(H) = 1.

(D) Trace(H) =n — 2.

(E) Nome of the above. - [
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~ » Two square matrices A and B are similar, denoted by A ~ B, 1f B = P71AP for some
nonsingular matrix P. Which of the following statements is/are true?
(A) Two similar matrices always have the same set of eigenvalues, including multiplicity.
(B) Two n x n matrices having the same set of eigenvalues, including multiplicity, are
similar.
(C) Any two square matrices with the same trace and determinant are similar.
(D)} If A ~ B, then p(A) ~ p(B) for any polynomial p(z).

(E) None of the above.

=~ LetA =z QT, where z and y are two nonzero vectors of R, n > 1. Which of the following

statements is/are true?

(A) rank{A) =1 and the range space of A is Span{y}.

(B) nullity{A) = 2 and the null space of A is Span{z,y}.

)
)
(C) Trace(A) =1 and det(A) =0
(D) A is always diagonalizable.

)

(E) None of the above.
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-~ Let A= ggT —[—gg—r, where z and y are two nomnzere orthonecrmal vectors of R® and n > 2.

Which of the following statements is/are true?

(A} Both z and y are eigenvectors of A.

(B) Trace{A) =1 and det(A) =0.
(C) A is not diagenalizable.
(

D) The least square solution of Az = b, where b is a vector in R", is (bTz)z + (QTQ)Q.

(E) None of the above.

£~ Let A,B € R™", and {uy,...,u,} be an orthonormal basis for R™. It is known that
(A,B) = Trace(A'B) is an inner product. We cenote A L B if (A,B) = 0. Which of
the following statements is/are true?
(A) Let z,y,w,2 be four nonzero vectors of R, Then wz' L gyT fandonly ifw L =
and z 1 y.
(B) The set By = {gig;— i, g=1,... ,n} is an orthonormal basis for R™*™.

(C) The set
w4 U

Bz={ﬂ1ﬁj+—_7-_ : 1§i<jﬁn}

is an orthonormal basis for the real vector space 81 = {A ER™" A= AT}.

(D) The set

T T
Ty e = Uy Uy
Bsz{iiﬁ—u’;l . 1§i<j§n}

is an orthonormal basis for the real vector space Sa = {A CREXN A = WAT}.

(E) None of the above.
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# + The system of linear equations Az =bhas

1 2 3 4
A= , b=
4 5 6 1

Which of the following statements is/are true?

(A) rank(A) + nullity(A) = 3.

(B) ATA isasymmetric 2x 2 matrix.

() The nullspace of A has two lineazly independent vectors.
(D) AT A is an invertible matrix.

(E) None of the above.

+ + Continued from Problem 7, which of the following statements is/are true?

(A) The matrix A has the same row space as the following matrix
111
01 2

(C) Let p be the projected vector of b onto the column space of A. The Euclidean distance

(B) det{AAT) =0.

between b and p is zerc.
(D) There exists a (3 x 2) matrix C such that rank(CA) = 3.

(B) None of the above.
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A~ Continued from Problem 7%, let By be a (2 x 2) matrix and consider the system BiAz =

B:b. Tt is known that
1

5
BIQ:{ } andz= 1|0
0
0

Which of the following vectors can be column vectors of Bq7

L
@ |
® | "

-
© |

L
o |

(E) None of the above.

A » Given the matrices

1 0 0 0 01
M, = , M= , Ms=
G 0 01 10

which of the following statements is/are true?

(A) My, My and Mgy are linearly independent over R in R?*2.
- (B) The span of {Mj, Mz, M3} is the set of all (2 x 2} real matrices.
(C) The set of all Hermitian (2 x 2) complex-valued matrices is a subspace of the span of
{My, M3z, Mg} over C.

(D) Any linear combination of My, My and Mj can be diagonalized over €.

(E) None of the above.

=~ > 55

*&'-"\{;)j\%

(e, & 7
= f B

HsS

i

s
T
,'-,

e,

Y




N Y P ¥ ML i e R e R
M BAE FHE TR 0(3005) £ | VE ¥ UH

KEAZEFAHES

+ -

.i-m_,_ﬂ N

Continned from Problem 7, let B = 3My + 4Ms + M3 and C =B1—4B3 - 9B? + 27B +

11I;. Which of the following is/are true?
[0 ©
(A) C=
L O O -
g o]
(B) C=
Lo O 4 -
[0 1]
(C) C =
[ 1 O -
31
(D) C =
e 1 4 -

(E) None of the above.

Solve the frst-order differential equation z%y/(z) + zy(z) In(y(x)) = zy(z). Which of the

following statements is/are true?

(A} This is a homogeneous and linear differential equation.
(B) y(z) =0 is one particular solution.

(C) yla) =

(D) z =0 is also a solution.

exp(1) is another particular sohution.

(B} None of the above.
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Continued from Problem +—. Given the initial condition y{a} = &, which of the following

statements is/are true?

(A) No solution if a = 0.

(B) A unique solution if 6 =a > 0 .

(C) More than one solution if b = exp(l) .
(D) A unique solutionifa #0and 6> 0.
(E) None of the above.

The second-order linear differential equation (1 — z2)y” (z) + 2zy'(z) — 2y(x) = f(z}, for
—1 < z < 1. To find the homogeneous solution, i.e. f(z) = 0, giver one solution y: (z) = z,
the other linearly independent solution yo(z) can be derived by setting ya(x) = v{z)y ().

Assuming v(z) satisfies v(1) = 2 and v(2) = %, which of the following statements about

v{z) is/are true?

(A) z(1 —z%)v (@) +2v(z) =0

(B) z(z? — 1)u'(2) + 20/ () =0

(©) v(z) = £5*

P = . 30 H 2k 2 |

(E) None of the above. =" A Tﬁj 3 B\ L
=S
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+99 + Continued from Problem -+ .=, find a particular solution for f(z) = 1 —&* by the method
of variation of parameters, Le., y,(z) = wi{z)y1(z) + va(z)y2{a), where yi(z) and ya(z)
are obtained from Problem -+ =. Which of the following statements regarding ui{z) and

uz(z) can be true?

(A) w(z) = In(1+1)—In(l ~z) - =.
(B) uz(z) = (1l +7) +In(l —z).

C) wmz)=c+2

(D) wlz) = -5

(E) None of the abave.

+ %+ Solve the initial value problem of (2z — 22y (z) — 5(z — 1)y/(z) — 3y(z) = 0 with (1) = 0
and /(1) = 1 by power series of the form y(z) = > 17 co{z —1)™. Which of the following

statements regarding the recurrence relation as well as values of coefficients ¢, is/are true?

(A) Cpt2 = 2{%’%

(B) cg = 0.

(C) Cg == %

D) ¢ = 2. “g‘:

(D) cg 128 J-J_n_;i& __2_,_%:%3 Ezr-“-‘s

(E) None of the above. % N !‘E} IS E;\aﬁc;‘;
AN
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+75 - Let y(z) = [nlz) yo(z)]T and consider the following system of first-order differential
equations
5 —7 2
(z) = +
y'(z) L L, Y= {3}

Assuming y(0) = {1 = 17, let Y(s) = [Va(s) Ya(s)]" = & {y(z)}. Which of the following

statements is/are true?

(E) None of the above.

+4 + Continued from Problem -+, which of the following statements regarding the solution

y(z) is/are true?

(A) 1n{(0) = 6.

(B) y1 (0) = 8.

C) 1y, (0) = 3. o3

( ) .j—-»j‘;‘:‘-g *,___L: J— __L___u:‘\:'f E’Ié

(D) limgy—oo (31 (z) — yg(z))z%. _;%o =] }‘/‘Ej, EI\,FE{;-_

{(E) None of the above, G ;
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ﬂ“z\ Let y(x) be a real-valued function satisfying the following second-order differential equation

"

v () +y(z) = fl=z)

Assume »{0) = y'(0) = 0 and f(z) = 3, 5o u(z — nm)sin(z n). Which of the following

statements is/are true?

A) y(z) is a periodic function with period 7.

) y(5) =1
D}y (3) =%
(E) None of the above.

(
(B) 7(z) has a Fourier-series representation for all z > 0.
(
{

b "'?

-
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T~ Let flz) = 5% and

g(z) = f{z) (u{z) — ulz — )] (

£ 2> H ¥ 8

Z &z —nEW))

L= X2

1t is known that g(z) has the following Fourier series representation

15 (oo (2

with minimal period T and Fourier series coefficients an and by,

statements is/are true?

A

I

t \

4
B

o

4 =

)
)
) §(2
)
)1

O

. ) 3
5% L ah bk = gt

None of the above.

D

(
(
(
(
(E

:c) + by, sin (%m)) .

Which of the following
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— - Continued from Problem -+7.. Consider the following boundary value problem for the

bivariate function y(z,)

d o
ay(‘r* t) - gﬁy(r,t).

for z € (0,7) with initial conditions (0,7) = y{m,t) = 0 and y(z,0) = = f(z), where f(z)

is given in Problem - /.. The solution y{z,{) can be representation in the following form

ylz,t) = Z cnet sin ()
nzx0

for some ¢n, dn, €, € R, Which of the following statements is/are true?

(A) o =4,
(B) ca=1.
(C) ds =3
(D) e3 =3.

(E) None of the above.




