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Notation: In the following quesltions, underlined letters such as g, b, etc. denote column vectors
of proper length; boldface letters such as A, B, etc. denote matrices of proper size; AT means
the transpose of matrix A. R is the usual set of all real numbers. By A € R™*™ we mean A
is an m X n real-valued matrix. w(z) is unit-step function defined as u(z) = 1 if z > 0 and -
u(z) = 0 if z < 0; % is the convolution operator; % : f(z) — F(s) and £~ : F(s) ~ f(z)

denote the unilateral Laplace and inverse Laplace transforms for x > 0, respectively.

-~ To solve a system of linear equations, we often use the augmented matrix form [A b); then
reduce A to an upper triangular matrix by operating on the rows of A and carry out the

same operations on the vector b. For instance, consider

z4+2y+2z = 1
dz+8y+92 =
Jy+22 =

el ]
—
—_
~—

56 we have

L
o
| PU—
I
a2
[ < ]
(=R e B N
Ll ]

Then we can apply an elimination matrix E to the system such that E[A }] = [U ¢} and

U is an upper triangular matrix. Which of the following statements are true?

1 040
(A) Left-multiply matrix A by Ep; = | —4 1 0 | to subtract four times the first row
c 0 '
of A from the second row of A.
[1 0 0
(B) Left-multiply matrix A by Pga= | 0 0 1 | to exchange the second and the third
| 010
columns of A.
1 00
(C) We can do both steps at once, ie,set E=| —4 ¢ 1 | and U=EA isan upj)er
¢ 0

triangular matrix.

(D) The solution to the linear system (1)isz =1,y =1 and z = —1.

(E) None of the above is true. | J
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=+ Suppose that matrix A can be factorized into the following form
100 1 3035
A=|1210 0016

501|{0000

Which of the following statements are true?

(A) rank(A) =2

(B} The dimension of the row-space of A equals 3.

(C) The dimension of the column-space of A equals 2.

(D) The dimension of the nullspace of A equals 1.
(E) None of the above is true.

= Let A,B € R*** be matrices. Suppose that A and B have the same column space, but

may not have the same columns. Which of the following statements are true?

{A) Both matrices A and B have the same number of pivots.
(B) Both matrices A and B have the same left nullspace and the same nullspace.

(C) If A is invertible, so is B.

(D) The row spaces of matrices A and B are orthogonal to each other under the usual
Euclidean inner product.

(E) None of the above is true.
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Consider the matrix equation Az = b, where
1 1 2
A=|1 -1 andb=| 0
2 0 1

Let P be an orthogonal projection matrix from R? onto the column space of A. Which of
the following statements are true?

{A) The matrix A is rectangular. It has no multiplicative left-inverse.

(B) The solution to Az =Pbis £ ={l 1]T.

(C) The projection vector Pb= £[2 3]T.

(D) P=A (ATA)_1 AT; P is symumetric and satisfies P2 = P.

(E) Nome of the above is true.

For the 4 X 4 matrix

0 010
1100
A=
1 21 3
1319
which of the following statements are true?
(A) det{A)=3
(B) A is invertible
(C) det(A"1) =3
(D) The (1,2)th entry of A~} equals 3.
(E} None of the above is true.
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7~ What are the coordinate vectors for f (z) = bz%+2z -3, with ordered bases B, = {2% 2,1}
and By = {2 — 2+ 1,3a? 4 1,222 + z — 2}, respectively?

[ _3 0]
(A) [f@)s, = 2|, [f@)s =] -%

| | 5

r 0 7 B 5
B) (@), = | -2 |, [f@is =] 2

o =N

- C
©) @), = | -8 | [f@s, =] 2

L 0 d L =3 A

- - C
D) [H2Ms = | % |, f(@)s,=| 5

0] =

(E) Nomne of the above is true.

4 + Given a non-zero matrix A € R**”, which of the following statements are true?

(A) The nullspace of A equals the left nullspace of A.

(B) 'The eigenvectors of A are linearly independent.

)
)
{(C) Part of the eigen-space can equal the left nullspace of A.
(D) The dimension of the eigen-space of A equals n.

)

(E) None of the above is true.
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A~ Let T be a linear operator on R? defined as

2z0 + z3 _ 1
T(z)=| 1 —4dzy |, withz= | zo
3z T3

What is the standard matrix, [T)g, associated to 7" with respect to the ordered basis

1 1 1
B = i = 1 yPo = 1 ¥z = 0 s
1 0 0
and [T'(z)]s?
[0 2 3 T3
(A) Tls=]1 -4 0 |, [T@)s=| 22 -3
| 3 00 x1 — Xy
[ 3 3 3] [ 32,
(B) [T]B = -6 —6 -2 |, [T(E)]B = —211 — dxg
| 6 5 —1_ h_$1+6$2+$3
3 3 3| [z
C) Te=| -6 —6 -2 |,[T(@))s=| 22—23
| 6 5 -1 | | T1— %2
[0 2 3 3z,
D)y [Tis=|1 -4 0 |, [T)s= —2z1 — 439
|.3 00 —z1 4+ 6xg + 73

(E) None of the above ig true.
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v Let A € R™P be a non-zero, symmetric matrix. Suppose the eigen-decomposition of
A = QAQ', where A is a diagonal matrix and Q = [ Q: Q ] is an orthonormal
matrix, with Q; € R*" and Q; € R* (") p = rank(A). Which of the following

statements are true?

(A) span (:ﬁ - Qirg_) = span (Qng—g) for any given vector z € R™.
(B) AQ is pot an all-zero matrix.

(C) Qf Qg is an all-zero matrix.

(D) QJ Qg is an all-zero matrix.

(E) None of the above is true.

4+ ~ Which of the following statements are true?
(A) A real matrix may be positive definite without being symmetric with respect to the
real Euclidean inner product.
(B) A positive semidefinite matrix cannot have 0 as an eigenva,lﬁe.
(C) det: R™™ — R is a linear transformation.
(D) Let A and B be square matrices; then det(ATB) = det(A) det(B).

(E) None of the above is true.
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+-— -~ Consider the following non-homogeneous system:

{ iz} = 4y (z) + 2y2(x) — 1bze 2"
(o) = (=) — ()t

satisfying v (0) = 7 and y2(0) = 3. Which of the following statements are true?

(A) 1(@) = (6 + 22 — T2%)e 2 + ¢ and ys(z) = (—4 + 21a?)e™27 4 Te5.
(B) y1(z) = 35-1143_326_23 + 42448 652 ang g, (o) = Sz e—to 4 7+10$+6$

(C) y1(1) = Ze~? + 4e% and yp(1) = Sle2 4 265,

(D) y1(—1) = —3¢? + ¢ and yz(—1) = 17e? + Te 5.

(E) None of the above is true.

4=+ Consider the differential equation (2zy(z) — 2% — y%(z) — 1)da: + dy(x) = 0. Which of the
following statements are true?
(A) The differential equation is exact.
{B) =+ y(z) = 0 is an implicit solution.
(C) If y(0) = %, then (1) = 2.
D) If y(0} = 1, then y(2) = 1.
)

E)} None of the above is true.
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4=~ Consider the differential equation zdy(z) — 2y(x)[22* — Iny(z)lde = 0. Which of the
following statements are true? '

A) The differential equatlon is linear.

C) I y(1) =1, then y(2) =

(

(B) y(z) =€ “isa particular solution.
(

(D} If y(1) =1, then 3/(1) =

15
-
4

(E) None of the above is true.

4w « Consider the differential equation (1 — z?)y"(z) — 2xy/(z) + 2y(z) = 0. Which of the
following statements are true?
(A)

y(z) = In 2 is a particular solution.
- (B) y{z) = z is a particular solution.

(C) If y(0) = 1 and ¢/(0) = 1, then (1) = & ~ 122 i
(D) I y(0) =2 and y/(0) = 0, then y(}) = 2+1n3 {)’.L
(E) None of the above is true. ~
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-+ & ~ Consider the following differential equation:

(23 +1)y® (2)+ (3—22)y" (z)+(4+22)y/ (z) +10y(z) = 44122+ (4z—8z%) cos(22)+ (427 —2) sin(2z)

satisfying y(m) = 7, y'(7) = 3 and y"(m) = 0. Which of the following statements are true?

(4) y(0) =

(B) y(3) =3

(C) v(D) =1

(D) ¥(1) =

{E) None of the above are true.
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+5% ~ Consider the system of differential equations y'(z) = Ay(z) + f(z), where

t -

2 —4 1 x?
A=|i1 _2:|,g(0)=|i1],andi(sc)=[m].

Which of the following statements are true?

l—z

(A) cA%y(0) = [ tode ]

54—283+25+4
B) L{y(z)} = 3
(B) Z{y(z)} 35[54_33+52—23+2

]T

(C) y1)=[-3%

(D) [21]7 is a generalized eigenvector for matrix A based on eigenvector

=

{E) None of the above is true.

Let g{z) be a real-valued function given as below

e~lel, if z € (—m,7),
glz) = ¢ _
0, otherwise

which has a Fourier series (F.S.) representation for z € (—#,7) as follows

g(z) 2 g0+ Z [an cos(nz) + by sin(nz)]
n>l

[10]7.

-
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Which of the following statements are true? ‘/£
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(A) go = 1=
(B) a1 ===
(C) by =0

—27

(D} 268 + Yy (0 +02) =

(E) None of the above is true.

+A ~ Continued from Question -+-t, solve for y(z) the following differential equation

oQ

y'(z) - 9y(x) = > glz —2nn).

n=—0oo

for all z € R and x # 4w, 37, +5x, ... With y(0) = 4/(0) = 0, it is already known that

the solution y(z) takes the following form

y(z) 22 4o + 3 [en cos(na) + dn sin(ne)]
n>1
Which of the following statements are true?

bl 8

(A) yo = '—1_967r
(B ecn<Oforaln>1

(C) For n > 1, we have % =n?+ 9.

(D) With the same initial conditions, the solution y(z) can be alternatively represented e
y N
A e
as f’ m.u;_,:‘ ‘
I
: y( x)*( _S_ 6$—2n7r) ; ‘}
. Moyt [ T
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where

2u(z) — 1

24

flz) écosh(Ba:) —

(E) None of the above is true.

£ 14 8 212 7

sinh(3z) — %e‘lml (u(cc +7) —u(z — 7))
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+ 7.~ Solve the following boundary value problem for the real-valued bi-variate function flz,y)

for 0 <z <27 and y > 0 satisfying

Pizy) _ 5 fa)
dz? Oy?
£0,9) = £om0) = 7(a,0) =0, LER - pinayp.
¥ ly=0

Which of the following statements are true?

A) (&) =4
(B) £(3,5) =-32

af(x,
© 2|, =%
—¥=z
8% f(a, ) _ 32
(D) gy ¢ :r:=y=% - %

(E) None of the above is true.
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=-+ + Continued from Question + 7, if we change the boundary value problem to

Fflz,y) | Pfy) _
Oz? T4 C

0

while keeping all the boundary- and initial conditions the same for f(z,y), which of the
following statements are true?

A 3f£33:3'2 — ﬁ
( ) ay m=-},y=0 2
Bf{zy
=1
®) 22|

=1

&% flay)

(C) =% y—0
. 1 &,

(D) lity e m((7(F9))) _ 3

Y

(E) None of the above is true.




