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1. (15 pts). Write down your proof as detailed as possible. :
Let V be a finite-dimensional vector space over a field F. The dual space V* of V is defined as the
vector space of linear functionals on V, i.e. V* = {f|f:V — F}. Let T:V — V be a linear operator.
T’s transpose T®: V¥ — V* is a linear mapping from V* to V* defined by T%(g) = gT for each g € V*.
Let V = P(R), the vector space of polynomials over real numbers. For each positive integer k, define
er 2V = R by ¢r(f(z)) = f*)(0), the k-th derivative of f(z) at = 0. Let & : V — V be the
differentiation mapping defined by G(f(m)) = f'(z). Prove that 8% = wpy1.

2. (15 pts). Let V = C°°, the vector space of all real functions having derivatives of all orders, and
let y1,y2,...,9n be some fixed linearly independent functions in V. Let § : Mpxn(R) — R be an
alternating n-linear function (defined for each n x n matrix over R) that is not identically to zero. For
each y € V and ¢t € R, define T(y(t)) € R as follows.

y(t) () y(2) yn(t)
"t wit) () Yn(t)

T(u®) =38 : : . :
v™@) M w6 - 1)

(a) Prove that T:V — Vis a linear transformation. _
(b) Prove that the null space of T satisifes N(T) D Span({y1,v2, .- ,yn}).

3. (15 pts). Eigenvalues and.eigenvectors.

1 =1
1 0

(b) Continuing from above, find a matrix Q € May2(C) such that @~ AQ is diagonal.
(c) Find the minimum positive integer n such that A™ = I

(a) Let A = { } Find its eigenvalues A\, \y € C.

4. (10 pts). Least-square approximation. Let f(t) be defined as follows,

1, fo<t<mw I
t) = S 1
1) {—1, if —r <t <O. ‘

Also, define
. g(t) = acost + bcos 2t + csin . .
~ Find the coefficients (a,b,c) such that £ = [" _|g(t) — f(t)|* d¢ is minimized. ‘L‘_
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5. (25 pts). For a system of non-linear ordinary equations (with m > 0) in a two dimension phase plane

Y = Y2 — _21
. 2m .
Yo = —Y1— sy,
i

(a) For m = 1, please find all the critical points in the phase plane.

(b) Find the range for the value of m such that this system of ordinary differential equation has seven
critical points.

6. (20 pts). Derive the Legendre’s equation from the Laplacian in spherical coordinate, i.e., from the
corresponding Laplacian in Spherical coordinates

2, — 279,00, 1 8 . Ou, 1 u,
Viu = algr ar)+sin¢a¢(sm¢a¢)+smw(aez)]”o'




