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2. (T or F) At a seminar in NCTU, 113 students showed up. During the seminar,
some students shook hands with each other. An old man under the bridge claimed
that each student except Bob shook hands with exactly 19 other students, while
Bob only shook hands with 2 other students. Is it possible? (T for Possible, and I

for impossible)

3. (T or F) R is an equivalence relation in the following staiement.

‘_\ = { (Xay
W 1s the set of all words in the English dictionary.

the words x and y have at least one letter in common}, where

4. (TorF)if a-201 —m-97 = 1, this guarantee that « hasa multiplicative

inverse mod m.

h

or HHT. The probability Bob sees the sequence HTT first is 1/2.
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6. [10 pis| Let Go =1, Gi =3. G» =9, and define G, = Ga-1 + 3Gp—2 + 3G for
n>3. Show by induction that G, < 3" for all n > 0.
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(T or ¥) Suppose Bob repeatedly fiips a fair coin until he see the sequence HTT
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7. [15 pts] Let S be a set of students, C be a set of courses, and £ be a predicate
en S x C such that I'{x,y) states that student z is enrolled in course y. Translate
the English description of each predicate or proposition below into a logical formula
using quantifiers. Note that you are NOT allowed to use the “set size” operation, i.e.,
you are not allowed to use [4] for any set A. ONLY use A, V, —, —, ¢, #, V, and
3.

(a) [5 pts] Happy Potter is enrolled in all courses except for EE9527. (Here Happy
Potter is an element of S and EE9527 is an element of C.)

(b) [5 pts] No matter which two courses you consider, some student is enrolled in
both.

{(c) [5 pts] No two students have the same set of courses,

8. [20 pts] The adjacency matrix 4 of a graph is given below, where each entry (i.j)
represents the connection between node i and j. For example, if A3 4 = 1, node 3 and
node 4 are connected with an edge. If A3, = 0, node 3 and node 4 are disconnected.

01110

10101

A=11 10 10

101 01

01 010
(a) [5 pts] Draw the graph defined by this adjacency matrix. Label the vertices of
your graph 1.2, - .5 so that vertex i corresponds to row and column i of the matrix.

{b} [5 pts] In a graph, we define the distance between to vertices to be the length of
the shortest path between them. We define the diameter of a graph to be the largest
distance between any two nodes. What is the diameter of this graph? Explain why.

(c) [5 pts] Give a coloring of the vertices that uses the minimum number of colors.
(d) {5 pts] Now we have the adjacency matrix B of a new graph G is given below,
where each entry (i,j) represents the distance between node i and j. For example, if
Az.4 =4, node 3 and node 4 are connected with an edge of distance 4. If A3 4 = o,
node 3 and node 4 are NOT DIRECTLY connected. Draw the minimum spanning
tree of G'.
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9. [15 pis] Find © bounds for the following divide-and-conquer recurrences. Assume
T(1) = 1 in all cases. Show your work.

@ [7 pts] T'(n) = 2T ([n/8] +1/n) +n

(b) [8 pts] T(n) = 77([n/201) + 27 (Fn/8]) + n

10. {10 pts] One country only has two denominations of paper currency, i.e., one is
3 and another one is 5. Suppose two persons ("A” and "B”) in this country has
infinite money, i.e., infinite 3°-dolfar and 57-dollar bills. Can "A” make a payment
of 1 dollar to B? Please briefly explain why or why not. For example, "A” can pay
"B 2-3% — 57 dollars by giving "B” itwo 3%-dollar bills and asking one 57-dollar bill
from ”B” in return.

11, [10 pis] For which positive integer n will the equations

Y+ Lo+ xy4 - F g = N (1)
Wity +yzs+ -4 yss (2)

i
=3

have the same number of posifive-integer solutions?




