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1. Let X3, Xa,...,X, be independent and identically distributed exponential random variables
with mean 6 > 0.

(a) (10 %) Find an unbiased estimator of 6 based on 9(Xa,...,X,) = YX1 X+ X, the
sample geometric mean.

(b) (10 %) Is the unbiased estimator derived in (a) better than the sample (arithmetic) mean
X =137, X;? Give your reason.

2. (10%) Let Xi,...,X, be a random sample from the normal distribution with mean 4 and
variance one. Let p(zy,...,z,) be the p-value in testing Hp : p = 0 versus Hy : p = 1, where
; is the observed value of X;, i = 1,...,n. Find the distribution of T = p(Xy,...,X,) when
Hy is true.

3. Let X and Y be two random variables.

(a) (5 %) Prove or Disprove: If X and Y are independent, then X and Y are uncorrelated.
(b) (5 %) Prove or Disprove: If X and Y are uncorrelated, then X and Y are independent.

4. (10 %) Suppose that X1, X2y, Xny, Y1, Y%,...,Y,,, and Z1,23,...,2y,, are independent
random samples from normal distributions with respective unknown means p;, pp and pg
and common unknown variance ¢2. Derive the uniformly most powerful test for testing
Hy : py = pg against H; : py < py at level o

5. (10 %) Let Z be a random variable whose reciprocal, 1/Z, has gamma distribution with shape
parameter 1/2 and scale parameter 2. Given Z = z, X has normal distribution with mean ¢
and variance zo2. What is the distribution of X? Show your work.

6. (10 %) Let z; = —1, , = 0 and z3 = 1 chosen from a certain distribution and let Y;,Y,
and Y3 be randomly selected (with replacement) from {z,, z, z3}. Find the variance of the
maximum of Y;,Y;, Ys.

7. Let Y1,Y2,...,Y, be independent Bernoulli random variables with success probability p €
[0,1]. Let W =¥ ,Y;, and

T = I, fYi=1andY;=0
~ 1 0, otherwsie.

(a) (10 %) Find E(T|W = w), the conditional expectation of T given W = w.
(b) (10 %) Is E(T|W) unbiased of p(1 — p)? What can you conclude about it?

8. (10 %) Let Y3,Y3,...,Ys be a random sample with probability density function

P2y
2
) 2
) = (3°/6)e™V?, y >, %—
and zero otherwise. Construct an exact (1 — a)100% confidence interval for .
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