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Is the function f(zr] — { differentiable at 07 Justify your

ADIWEr.
Show that f{z) = z% + iy is differentiable at all points on the lne y = z,

but it is nowhere analytic.

Show that the series 3,2, 1/{k® + 2} converges and defines an analytic

function on the right halfplane Rez > 0. (10 points)

(a)
(b)

State Liouville’s Theorem, the Maximum-Modulus Theorem, the Open Maﬁ-

ping Theorem, Schwarz’ Lemma, and Morera’s Theorem. (25 points)

Let zg be an isclated singularity of f. Prove
zp is a removable singulaxity if and only if lim, ., (z — z) f(2} =
Zo is @ pole of order & > 1 if and only if lim, 5 (2 — 20)* f(2) # © aad

;5 (2 — 20)*t f{2) = 0. (15 points)

Evaluate the integral [5° #2%dz. (10 points)

Show that if f is analytic in a region I} and if {f| is constant there, then f

is constant. (10 points)

If an entire function f satisfies |f(2)] £ A|2|° for some positive constants A
and ¢ and for all sufficiently large z € C, then f is a polynomial of degree at
most n = [¢]. Prove it by showing that all the coefficients Cy, k& > n, in the

power series expansion of f are 0. (10 pnints)

Show that fi_ ¢ dz — 0 a3 R — oo where I'g is the circular segrment:

x= Re® 0<8< _:irfd. {10 points)



