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1. (27 points) The following computer statements are written in pscudocodes similar to
the C programming langueage.
1.1 Let o be claimed as an intemer in the C (or FORTRAN) programming language. Cous
sider tae following statements. When they are executed by a computer, will the execution
evennaally stop? How and why?

o= 1;
while {n > 0)

no= 2 % 1

1.2 Let x and y be claimed as foating numbers. Consider the following statenients. Please
explain what is the purposc for these statements; that is, mathematically, what will be the
value of ¥ &5 & function of x7

for i =1, 2, -+, 10
x = x/i;
Y=y t+x

2. (20 poiats) Let w(z) be a positive weight function which is integrable on the juterval
[¢,b]. Let ¢{z) be a polynomiai of degree n — 1 which s w-orthogonal to I.: that is,

b
[ wiz)p(rig(zr}dr =0

for all polynomials p(x) of degree < n. Suppese g(x) has n+ 1 distines zeros w0 (e, 0], say,
Ig, &1, cay Th.

2.1 Explain how to find gquadraiure paramelers ag, ay, ..., @n such that the imamerical
guadrature rule

/ flehw{z}dr = z a; fr:)

is exact for all polynomials f{z) of degree < n. That is, = ¢an be repluced by =.
2.2 Prove that ilie aumerica! quadratire rule you designed in the previous problei: is
actuaily ezact for ary polyromial of degree <€ 2n 4+ 1. This s the generalized Gaussian

guadrature rule.

3. (20 points) The B-spline of degrea O on integer nodal peints s cdefineed by

By - 1 for z &30, 1],
(=) {U cthierwise.

The B-splice of degree j on integer nodal points are recursis ely defied Ly

: T . i+ 1 -
Dila) = 2Bz + L2278
J 7

B liz-1y, >0

2.1 Use the recursion refation, write down the fonvulee for Z1(2) and B3{x).
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3.2 Praove tha:, for auy 7 > 0,

ST Bie—ky= ), Bz k)
k= =co k=—0c
Hence o
S Bia-ky=1
k= —oa

4. (20 points) Let A be a real-valued matrix of order m x n, aud x, & Le veal-valued
(column) vecioss of dimension n and m respeciively. Assume that 1 > nand rankd = n.
4.1 What is the sufficient and necessary condiiion that the system of cquations

Az =10 {1

has a unigue sclution? Just state it, you do not have to prove.

4.2 Ir. general there will be ne solution for equation {1}. But there is & unique selation
such that |4z — bl|z is minimal. Here [-[2 is the vector f2-norm. Such a solution is called
the least squore solution. Prove that, the normal equation

AT ap= 4T

has a unique solution &, and this z is the least square solution of (1), [Hint. dr —b1a
orthogonal to the range of she linear operator . T'hen show that ||dy — b2 = Az = &2,
for eny n-vecior y.|

5. (20 points} Let #(z} be a continuously diTerentiable function with support on [Q, V],
where IV is 2 positive integer. Suppose ¢(z) satisfies the couation

oo

S kplz ==z +e

k= -0

for certalis constant ¢ Let

Ay = / plale'(s — k)dr,

=

where & 15 a2y Integer,
5.1 Show i M= 3 ior
5.2 Show that Afy =10,

5.3 Show tha: M_, = —Ady,
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