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Please justify your answer properly to get full credits.

1. Prove the following statements:
(a) (5%) If A and B are m x n matrices, then rank(A + B) < rank(A) + rank(B).
(b) (5%) If A € F™*™ and B € F™*? for some field F, then rank(AB) < min{rank(A), rank(B)}..
(c) (5%) If A € R™*", then rank(AT A) = rank(4).
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(a) (5%) Find an invertible matrix P and a diagonal matrix D such that P~ AP = D.
(b) (5%) Find A", where n € N.
(c) (5%) Find exp(A4).

2. Let

3. (10%) Let A € R™*" with m > n and b € R™*1. Prove that x minimizes the least squares error |b — Ax||3 if
and only if x solves the normal equation AT Ax = ATb. ‘

4. LetacR™™! and A =aal € R™*",

(a) (5%) Given n > 1, prove or disprove that A is singular.
(b) (20%) Ifa=[1, 2, 3, 4], find all eigenvalues of A.

5. Let
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(a) (10%) Find an orthonormal basis for the vector space spanned by vy, vo, and vs.
(b) (5%) Find the QR-decomposition of A.

6. (10%) Assume A € R™*™ and b € R™*!. Prove that Ax = b has a solution if and only if given y with ATy =0
implies bTy = 0.

7. Let A € R™*"™ be a symmetric matrix. Prove the following statements:

(a) (5%) All eigenvalues of A are real.

(b) (6%) Given two distinct eigenvalues of A, A1 and As, corresponding to the eigenvectors vi and vy. Then
Vi1 1 Va.




