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Let Q be the set of rational numbers and R be the set of real numbers.
1. (20 points) True or false. (just write down your answer, do not give any reason)

(1.1) (4 points) Every bounded monotonic sequence in Q is convergent.
(1.2) (4 points) Let {z,} and {y,} be bounded sequences of positive real numbers, then

lim sup(zn, X yn) < (imsup z,,)(lim sup y,).
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(1.3) (4 points) Suppose f and g are uniformly continuous on R, then fg is also uniformly
continuous on R.

(1.4) (4 points) In R? the existence of all directional derivatives at a point does not imply
differentiability.

(1.5) (4 points) Let f: R™ — R™ be continuous on R" and let B be a bounded subset in
R™. Then f(B) is bounded.

2. (10 points) We say that A C R™ is compact if every open cover of A has a finite subcover.
Show that the set {z = (z1, - ,z,) € R* : /> .22 < 1} is not compact by the
definition.

3. (15 points) Suppose f is bounded on [a, b], f has only finitely many points of discontinuity
on [a, b]. Prove that f is Riemann integrable on [a, b].

4. (15 points) Let {a,} be bounded sequence in R. Prove that f(z) = > oo, (“’;L“fn)z is
continuous on R.

5. (20 points) A function is said to be of class C” if the first r derivative exist and are

continuous. A function is said to be of class C* if it is of class C" for all positive integers
r. Give an example of a C'*° function that is not analytic and explain your answer.

6. (20 points) Let f : R? — R be defined by

2y (o, 0,0),
f(a:,y):{\/m | ( y)#( )
0 if (z,y) = (0,0).

(a) (10 points) Show that f is continuous at (0, 0).
(b) (10 points) Investigate the differentiability of f at (0,0).




