SR KE 110 25 F AL A AL N

)

el HEABLY BHEH(—KLE) £]18 %
#B: ZEMBEY
AFFERERATES *FAXEE (B AHK

%(Z)E(G)KEZ%%%HH RFEFABE REAEBELEALATFHSY
Let Q be the set of rational numbers and R be the set of real numbers.

(1) (20 points) True or false? (just write down your answer, do not give any reason)
(1.1) (2 points) Every Cauchy sequence in Q is convergent.
(1.2) (2 points) If {z,} and {y,} are bounded sequences in R, then
lim sup(z,, X yn) < (limsup z,,)(lim sup y,).
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(2 points) Every compact set in the metric space is closed and bounded set.
(2 points) If A is connected in R"™, then R™\ A is also connected.
(2 points) The function f(z) = z is continuous on [0,1] U {2}.
(2 points) Let f be a continuous real function on R and let Z(f) be the set
of all p € R at which f(p) =0. Then Z(f) is closed.
(1.7) (2 points) The function f(z) = 1 is uniformly continuous on (0, 1).
(1.8) (2 points) Let f be a real function on [0, 2], then f is Riemann integrable on
[0, 2] if and only if |f| is Riemann integrable on [0, 2].
(1.9) (2 points) Every differentiable function on [0, 2] is Riemann integrable.
(1.10) (2 points) Let {P,}nen 2 uniformly convergent sequence of polynomials on
[0,2] and f = lim, o Py. Then f is differentiable.

(2) (10 points) Let B = {(z,y) € R?*: /z? + y? < 1}. Show that B is open set.

(3) (15 points) Let (M,d) be metric space and {z,}22,; € M converge to z € M.
Show that the set {z1,zs, z3,--- } U {z} is compact set.

(4) (20 points) Every rational x can be written in the form z = 2, where n > 0, and

m and n are integérs without any common divisors. When z = 0, we take n = 1.
Consider the function f defined on R by

ﬂm:{OiwaMQ.
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Prove that f is continuous at every irrational point, and that f has a discontinuity
at every rational point.

(5) (15 points) Let f : R® — R™ be continuous on R™ and let B be a bounded subset
in R™®. Prove or disprove (if you think the following statement is false, give a
counter-example and prove that your example works) that f(B) is bounded.

(6) (20 points) Let f: R? — R be defined by
Ty T
F@y) = {J— i (2,9) # (0,0),

(a) (10 points) Show that f is continuous at (0, 0).
(b) (10 points) Investigate the differentiability of f at (0,0).




