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Show your work for all of the questions below. Your method must justify
your answer. No credit for answers without supporting work.

Proofs: (In all of the questions below, [a, ] denotes a bounded closed in-
terval in R with a < b.)

1. (10%) Prove that zcos is uniformly continuous on (0, c0).

2. (15%) Let f : [a,b] — R be an increasing function. Show that f is
(Riemann) integrable on [a, b].

3. (15%) Suppose that f is continuous on [a,b] C R, g is integrable on
[a,b] and g(z) > 0 for all z € [a,b]. Prove that '

b - : b
/ f(x)g(a:).da: = f(c)/ 9(z) dz  for some ¢ € |a, b].»

4. (15%) Suppose that E is a nonempty subset of R and that fo— f
uniformly on E as n — ¢o. Prove that if each f, is continuous on E,
then f is continuous on F.

5. (15%) Prove that Z ° , sin(z/n?) converges uniformly on any bounded
interval of R. :

6. (15%) Let Cla, b] denote the space of continuous functions f : [a, b] —

R. Define :
£l := sup |f(z)l.
z€lab]
Show that p(f,g) := |] f — gl is a metric on Ca, b] and the metric

space (Cla, b], p) is complete.

7. (15%) Prove that
— 3152—2:%2 ("E) y) 7é (0) O)

is continuous and has first-order partial derivatives everywhere on ]R2
but f is not differentiable at (0, 0).




