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1. (35% in total)

Consider this situation which could become real in the near future: We have a number of
predetermined (¥ 4 % € #)) locations from which 5G signals will be emitted (% %) by using air-
borne autonomous drones (% F #& A4#%). Of course, we wish to cover the entire area with 5G.
There are a number of companies manufacturing various drone models. These drone models have
different weight-lifting (3% &) capabilities, which means they can carry different 5G equipment into
the air to cover a different area size. Naturally, if a drone model can caﬁy more weight, it is also
more expensive to purchase. Moreover, for those predetermined locations to emit 5G signals, each

of them can only deploy some of the drone models due to various reasons/considerations (that is, a

drone model that is OK for one location may not be OK for another location).
In the following, we will try to develop a mixed-integer programming (MIP) model for the
above problem. Our objective is to determine a specific drone model for each location with the

lowest total costs, while making sure 5G signals will cover the entire area. Let us first define
subscripts (F #%) for this MIP model.

i,j  aparticular drone model

m,n  a particular location
Next, let us define parameters (£-2t > 7FBp " €42 &3, ) for things described in the above.

locations  the set of all locations to emit 5G signals
drones, the set of all drone models which are qualified for use at location m (££#4 % location m

& A A7 drone models #) 4 4-; each location in locations has such a drone model set

so we know which drone models we can consider)

radius,  the maximum radius that drone model i can reach for effective coverage of 5G signals
(drone model i FRAERAL SGERA R B R A F1Z)
costs the total costs of using drone model i to emit 5G signals at location m (note that for

some drone models, their total costs may be different from one location to another)
distance,, the distance between location m and location »

Finally, the following are decision variables for this MIP model.
X, binary (0/1) decision variable which equals 1 if drone model i is used at location m to

m

emit 5G signals, and 0 otherwise
D

3

D, nonnegative decision variables which represent the radius of 5G coverage at location m
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In the‘following, we will develop this MIP model one equation atatime. **Please note**:
We will only use the above already defined subscripts, sets, parameters, and decision variables.” In
other words, “ABA T B L ERAEMMETEROHFE > BRETE 28~ B8y
**Please also note**: We only want to develop a linear MIP model (s & & &+ MIP 4 #).

First, since each location must have a drone model (which is OK for that location) to send 5G

signals, we obviously will need this constraint in the model: Z X,, =1, V melocations .

iedrones,,

Question 1.1 (10%)
Next, the drone model chosen for each location will determine that location’s effective 5G-

covering area. Shown in the following figure, if drone model i e drones,, is chosen for location
m , then D, will equal radius, ; but if a different drone model in drones,, is chosen, D_ could
have a different value. For each location m in the locations set, please develop an equation to

determine the real value of D, .

7. ..
/ if drone model i is \
used at location m, \
/ then D, = radius,

/

Question 1.2-(10%)
To make sure that 5G signals will cover the entire area, we must enforce a specific overlap (%

Z #2 £ 89 & &) on the two areas covered by any two nearby locations. Shown in the following
figure, if m and n are two such locations, then the sum of D, and D, must be at least 1.5 times of

the distance between the two locations (no matter the drone model used in each location to emit 5G

signals). Please develop an equation to enforce that requirement in the model.
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Question 1.3 (15%)

Finally, please develop an objective function for the MIP model that will minimize the total

costs to choose an appropriate drone model for every location in the locations set.

2. (15% in total)

Consider the following linear system with its coefficient matrix A given right next to it.

x+x,=4
P 10 0 100 0
x,+x5=4

01 0 010 0
X +x,+x,=6 A=

11 0 001 0
%= 2% =X =4 10 -2 000 -1

Xy X5 Xgs Xy Xsy X, X7 20

What is the basic feasible solution corresponding to the first four columns of A? That is, use
the first four columns of A as the basis to find a basic feasible solution (R A #4937 w9 47 P # & 3|
ey A KT 4748).  **Note**: You must use linear algebra related mathematics to find your answer

(ke FeAa "alREal ) QHEHE  FAXTHR)
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3. (24%)

Two players are tossing (possibly biased) coins, on each toss, the probability player 1 wins one cent
is p, and the probability player 1 loses one cent is g =1—p, where c is the total number of
pennies of both players. Define a Markov chain {X,.}, where X, = j means that player 1 has j
cents after the n-th toss. The game continues until one player goes broke (the other player wins).

(a) What are the absorbing states of this Markov chains? (4 points)

(b) What is the transition probability matrix of this chain? (10 points)

(c) Let T ={1,...,c — 1} is a finite set of transient states and x; is the probability that player

1 wins given X, = j,j € T. Write down the systems of equations that x; need to satisfy.

(10 points)

4. (26%)

(a) (6 points) Consider two independent M/M/1 queues, the first one with arrival rate A and
service rate p;; and the second one with arrival rate 1 and service rate (. What is the
probability that there are n customers at server 17 What is the probability that there are m
customers at server 2 ?

(b) Consider a two-server system in which customer inter-arrival times are exponentially
distributed with rate A at server 1. After being served by server 1, customers then join the
queue for server 2. We assume that there is infinite waiting space at both servers. Each
server serves one customer at a time with server i taking an exponential time with rate y;

for a service, i = 1, 2. To analyze this system, we need to keep track of the number of
customers at server 1 and the number of customers at server 2. Let define the state by pair
(n, m)—meaning that there are n customers at server 1 and m customers at server 2 and
P, denote the probability of being in that state.
(b-1) (10 points) What are the balance equations for this system?
(b-2) (5 points) If the number of customers at server 1 and server 2 were independent
random variables, what would be the expression for P, ;7
(b-3) (5 points) Verify that your solution satisfies the balance equations from (b-1).




