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—. (5%)
(=) (%) Solve y'=y? 1(0)=2. Call the solution y,.
(=) (2%)Solve y'=y?._, ¥(0)=1. Call the solution y,.

(£) (1%)Does y.+y, solve ¥'=y% -1, y(0) = 3 Explain.

=. (8%) One solution of the equation y”+ p(z)y’ + gy =0 is (1+£)?, and the Wronskian of any two

solutions is constant. Find the general solution of 3"+ POy +q@)y = I+2.

=. (5%) Three solutions of 2 2nd-order linear equation L(y)= g(?) are

2 2 2
vi=2¢" +&,y, =t +e' andyy =1+’ +e'.

Find the solution of the initia] problem L(y) = g(¢): ¥0)=3,3'(0)=0.

™. (8%) Let y be a real function of x. Find two linearly independent Frobenius solutions of the following
differential equation at x = ¢

2x2y”+x(x =3)y43y =0

3. (8%) Let x; and x; be two rea] functions of ¢, Solve x; and x; for the following system of differential

equations

xI'=4x1
(=5 D=3
{x2=x 2 10 =5.530)=

73. (7%) Given the initial value problem, x"+4x'+13x= F©; x(0)=x'(0)=0
(—) (3%) Express x(¢) in terms of (¢) and convolution.

(=) (4%) Solve x(2) for £(¢) = u(r) - u(t—1), where u(f) denotes the unit step (or Heaviside Step) function.

ERprr——"



é%ﬂ%ék%%%%%%&zﬁﬁ&%é&ﬁ%éﬁ £ 3 A% 2R

, 0<t<s

. (9%) f(r:):{0 5<r<10 with f(t+10)= f(¢) is a piecewise continuous and periodic function that

satisfies £(r)= L/ (¢ +)J2'f € here S )and f(t")are the right-hand and lefi-hand limjts of f(£)at each

discontinuity.
(—) (3%) Find the Fourier series of f(¢).

(=) (3%) Let f(z) be defined for t20; find its Laplace transform F (s} fors > 0.

(Z)(3%) Find a particular solution forx” +16x = f®.

2
2\ (9%) Consider the following partial differential equation: -2—“- = 42 .
t X

For the moment let’s assume that u is in the form of z = Asmixcosw?, where 4 » A, and ® are non-zero
constants,

(—) (3%) What is the relationship between A and @?

(._.) (3%) Assuming that u must satisfy the condition #(x =0 t) u(x=8,1)=0, what is A? Notice that A might
not be single valued.

(=) (3%) What is the lowest possible frequency of ?
y

2 2
7. (4%) Given the equation for the circular membrane vibration; é_ti - 02(6 ; : 2”J
i a ¢ a ror

with the boundary condition: u(y = 20,1)=0and c is a constant, the solution is in the form of
u=Su, = SWI, =$(4, cosckyt+ B, sinck,t).Jy k)
n=]

where J is the Bessel function of the first kind. Find the nodal line (curves on the membrane that do not -

move) for n = 2. Note that Jo has infinitely many positive zeros a,, 2, &, ... as shown in the following
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+. (12%) Consider a bulk of silicon with dimension /xwxd, where the thickness d (along the Z-axis) is
much smaller than the length / and width w. The diffusion and annealing of dopant ions is governed by the
diffusion equation:
0%u
2
AT —, (>0, 0<z<d
py e ( )

where u(z,t) means the dopant ion density and o2 represents the diffusivity,

(—)(6%) Let the dopant fon density profile somewhere inside the silicon at a certain instant ¢,, i.e. u(z,ty),

look like as shown in the figure. Without detailed calculation, please roughly draw the new dopant ion density | '

profile corresponding to a very short time As later, i.e. u(z,ty + Af).

“U Uizt

0 d

(=) (3%) Write down the boundary conditions if all the dopant ions cannot escape from the bulk of silicon.
(=) (3%) Without detailed calculation, can you draw the steady-state dopant ion density profile u(z,t—» ©} by

using u(z,¢,) as shown and the boundary conditions specified in part (~)?

+—. (13%) For a 3x3 matrix A, where

3 -1 -2
A=12 0 =2
2 -1 -1

(—) (6%) Please find its eigenvalues and corresponding eigenvectors,
(=) (7%) Assume the 3 eigenvalues are in the order of A <Ay <A, Starting from the eigenvector
corresponding to A1, please find the corresponding orthonormal basis,

+=. (12%) Define the space P, as the set of all polynomials of degree less than n. Let L be the operator on Py
and

Uplel)=e+5.2 ple)s &7yt

(—) (3%) Find the matrix A representing L with respect to [/, x, x7].
(=) (3%) Find the matrix B representing L with respect to (1, x, 1+x7],

(£) (3%) Find the condition of @ such that A and B are simjlar matrices.

(=) 3%) If px) = g + ax + a3, calculate L"(p(x)) given the condition ofain (=),




