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1. (13%) For a 3x3 matrix 4, where 4=[{2 ¢ -2
2 -1 -]

(a) Please find its eigenvalues and corresponding eigenvectors, (6 %) : ,
(b) Assume the 3 eigenvalues are in the order of ALA <A, Starting from the eigenvector corresponding to 4, please find
the corresponding orthonormal basis, (7 %) .

2. (12%) Define the space P, as the set of all polynomials of degree less than n. LetLbe the operator on P; and

L(p()) =+ x;‘;—p(x) +;§p<x)

(a) (3%) Find the matrix A representing I with respect to [/, x, x%).
() (3%) Find the matrix B tepresenting , with respect to [/, x, J +x7].
() (3%) Find the condition of asuch that A and B are similar matrices.
d) 3%) If p) = ap + apx + ax, calcylate L(p(x)) given the condition of & in (c).

3. (7%) Develop f(2)= 7 1 T ina Maclaurin series and find the radius of convergence.
-z
4. {8%) Evaluate L‘z‘dz, Where C'is from 0 along the parabola y = 32 t0 3 + 9.

3. (10 %) Calculate _[:-]%_—dr, where 0 <g< 1,
x

6.(2%) (a) Solve y'= ¥4, 7(0)=2. Call the solution y,.
%) (b) Solve y'= ¥ -1L,3(0)=1. Call the solution y,.
(1%) (¢) Does Yetyp solve y'=y?_| »(0) =37 Explain,

7. (8%) One solution of the equation »*+ POY +q(t)y =0 is (1+1)%, and the Wronskian of any two solutions is constant, Find
the general solution of Yi+py' + gy =1+z,

8. (5%) Three solutions of a 2nd-order linear equation L(y)= g(¢) are
Wy =2e" + €.y, =te" +e'and Ws=(l+0e" +¢'.

Find the solution of the initia] problem L(y)=g(r), Y(0)=3,5'(0)=0 j’i 7
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25 y"+x(x - 3)y'+3 y=0

10. (8%) Let x; and x2 be two real functions of . Solve x; and x; for the following system of differential equation_s

{ -
{xl =4x X,
r

X)) =5x,(1)=3
Xy =x, +2x, 50 =35,%1)
11. (7%) Given the initial value problem, x*+4x'+ 13x = £(2); D) =x(0)=0

(a) (3%) Express x(1) in terms of J(#) and convolytion,

(b) (4%) Solve x(t) for £(1) = u(t) - u(t ~1), where u(#) denotes the unit step (or Heaviside Step) function,

' L O<r<s . .
12. (9%) 7 ()= {0 S5<t<10 with f(z+10)= f () is a piecewise continuous and periodic function that

satisfies £(f) = L/ ); ACD) - S and £(t") are the right-hand and left-hand limis of (?)at each discontinuity,
() (3%) Find the Fourier series of /().

(D (3%) Let 1 (#) be defined forz > o ; find its Laplace transform F(s)fors >0,

(¢} (3%) Find a particular solution for x” 16x = f(1).




