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Advanced Calculus ' Y

Master Program Entrance Exam for the Dept. of Math, Nat’l Central Univ.

Problem 1. Let B = {z € R?||z| < 1} and y = (0,0, a) for some a > 1.

1. (5%) Show that the integral dz exists (note that this is a

B ly—=
triple integral).

2. (10%) Find the value of the integral above.

Problem 2. Let f: R — R be defined by

L1
f(a:):{ |z| SlllW %7 O,
0 =10,

where o and 3 are positive numbers. Determine the ranges of o and 8 so

that
1. (5%) f(z) is uniformly continuous.

2. (5%) f(z) is differentiable.

Problem 3. Complete the following.
1. (5%) State the definition of a compact set in a metric space.

2. (10%) Let ax be a sequence in a metric space and ay — a. Show
that the set {ak}f:l U {a} is compact based on the definition you
stated.

Problem 4. (10%) Suppose that fi : (a,b) = R is a sequence of differ-
entiable functions such that fx(c) converges at one point ¢ € (a,b), and f;

converges uniformly on (a,b). Show that f; converges uniformly.
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\i\ Problem 5. Let A = [a,b] x [a,]] be a bounded, closed square in R?, and
X = C([a, b], R) (be the space of continuous functions on [a, b] equipped with

uniform norm). Given K : A — R a continuous function, define a, map 7" on

X by

- [ Kewiww  fex.

1. (10%) Let B be a bounded subset of X; that is, there is a constant
M > 0 such that max |f(z)| < M for all f € B. Show that the set

T'(B) is bounded in X and equi-continuous.

2. (6%) Show that T is a contraction mapping on X if s | K (z,9)] <
T,y)EA
1

b—a

Problem 6. (10%) Define f on the square @ = [0, 1] x [0, 1] by

Pt y) = 1 if z is rational,
Y] = 2y if z is irrational.

Show that f(z,y) is not Riemann integrable on @ by showing

/01 {/01 f(m,y)dy}dx # /01 [/Olf(as,y)dx]dy,

Problem 7. Prove or disprove the following statements.

1. (6%) Let f:(0,1) — R be a continuous function. If both limits f(04)

and f(1—) exist, then f is uniformly continuous on (0, 1).

2. (6%) Let fn : [0,1] = R be a sequence of Riemann integrable functions,

and f,, converges pointwise to f. Then f is Riemann integrable.

3. (6%) Let f: R?* — R? be continuously differentiable, and the Jacobian
of f does not vanish everywhere; that is, det (D f(z)) # 0 for all z € R2.

Then there exists an inverse function of f.

4. (6%) Let @ C R",, and a be an interior point of Q. Suppose that
J £ — R is a function such that both partial derivatives f;(a) and
fy(a) exist. If each directional derivative D, f(a) exists and D, f(a) =
(Vf)(a)-u, then f: Q — R is differentiable at a.
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