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1. Determine (by proof or counterexample) the truth or falsity of the following

statements :

(a) If {zn} and {y,} are bounded sequences of real numbers, then
(lim inf z, ) Mim inf y,,) < liminf(z,y,) . (10%)

(b) Let {(M,d) be a metric space. For each fixed z € M and £ > 0, the set
{y € M : d(z,y) < €} is open. (10%)

(c) Let (M,d) be a metric space and let {z,}22, C M converge to z € M.
Then A = {z1,%2,--- } U{z} is compact. (10%)

(d) Every continuous real-valued function on {0,2] is Riemann integrable. (10%)

(e) The function f(z) = z? is uniformly continuous on [0, 00). (10%)

(f) Let {fx}32, be the sequence of functions on [0, 1] defined by

4k*z if0<z< 5%
fu(z) = 4k—4k?z X <z<i
0 iff<z<l

Then {fi} converges uniformly on [0,1]. (10%)

2. Let (M, d) be a compact metric space and ¢ : M — M satisfy d(¢(z), d(y)) <
d(z,y) for all z,y € M,z # y. Show that ¢ has a unique point £ € M such that

$(§) = €. (20%)

3. Let R be the real number system and R? = R x R. Suppose f : R? — R is

defined by
_zy .
fag) = { S @) £ 0,0)

0 if (z,y) = (0,0).
Investigate the differentiability of f at (0,0). (20%)




