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Let N be the natural numbers and R be the real numbers.
1. Prove or disprove the following statements:

(1) Let (M,d) be a metric space. Then the union of an arbitrary family of
closed subsets is closed. (10%)

(2) Let (M, d) be a metric space. Then every bounded and closed set is compact.
(10%)

(3) Let {pn}nen be a uniformly convergent sequence of polyniomials on [0 2]
and f = hm 0 Pr. Then f is differentiable. (10%)

(4) Suppose that f:[0,1] - R. Then f is Riemann integrable if and only if | f |
Riemann integrable. (10%)

2. If f: R — R is a continuous function and f (f()) =z for all z € R. Show that
there exists a £ € R such that f(¢) = £ (12%)

3. Let f(z) = v/z on [0,00). Prove or disprove f is uniformly continuous. (12%)

4. Test the following series for convergence. (a) Yomeo ;p-——”_sw (6%);
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5. Suppose that {a,}nen is a bounded sequence of real numbers. Show that
flz) = Z " is a continuous function on R. (12%)

6. Let L : R® — R™ be a linear map. Prove that L is continuous and differentiable
on R™ by definition. (12%)




